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ABSTRACT
1D, 2D and multidimensional convolutions are basic tools
in deep learning, notably in convolutional neural networks
(CNNs) and in computer vision (template matching, cor-
relation trackers). Therefore, fast 1D/2D/3D convolution
algorithms are essential for advanced machine learning and
computer vision. This paper presents: 1) novel optimal n-D
cyclic convolution algorithms having minimal multiplicative
complexity that are much faster than any competing convo-
lution algorithm internationally and 2) methods for speeding
up such optimal convolution algorithms on GPUs and multi-
core CPUs. Such a speedup is very important both for CNN
training and CNN testing, particularly in embedded environ-
ments (e.g., on drones) and real-time applications (e.g., fast
CNN inference for object detection and correlation trackers
for embedded real-time object tracking).

Index Terms— Convolutional Neural Networks, Fast
convolutions

1. INTRODUCTION

2D convolutional layers in CNNs [1] typically convolve the
feature map Xl (3D tensor of dimensions Nl × Ml × Cl)
of the neural network layer l with a k-th convolution kernel
wl,k (3D tensor of dimensions Hl,k ×Wl,k × Cl), add a bias
term b(l, k) and then pass it through a nonlinearity activation
function f , (e.g., RELU), to produce the feature map Xl+1,k

(3D tensor of dimensions Nl+1,k ×Ml+1,k × Cl+1) of layer
l + 1:

x(i, j, cl+1, l + 1, k) = f(b(l, k)+

Cl∑
c=1

Hl,k∑
i′=0

Wl,k∑
j′=0

h(i′, j′, l, k)x(i− i′, j − j′, c, l, k)).
(1)

The extension to higher spatial or spatiotemporal dimensions
is straightforward. It is essential to devise fast 2D and multidi-
mensional convolution algorithms, in order to have fast CNN
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training and testing. Furthermore, the same algorithms can be
used for calculating the 2D correlation of an input image x)
and a template h, e.g., for fast correlation trackers [2], [3].

The construction of fast convolution algorithms is a heav-
ily researched topic in the signal processing community. It
reached maturity in the 90ties [4], [5], [6].

Recently, a resurgence of fast linear convolution algo-
rithms for CNNs occured, collectively called Winograd con-
volutions [7], [8]. Various implementations for GPUs and
multicore CPUs appeared [7], [9] and numerical stability
issues have been investigated. However, most of the recent
algorithms are suboptimal.

2. FAST 2D AND MULTIDIMENSIONAL
CONVOLUTION ALGORITHMS WITH MINIMAL

COMPUTATIONAL COMPLEXITY

A linear convolution of signal x having lengthLwith a convo-
lutional kernel h having length M produces an output signal
y(n) = x(n) ∗ h(n) of length L+M − 1 and can be embed-
ded in a cyclic convolution of length N ≥ L +M − 1, by
zero padding both the signal x and convolution kernel h. The
following relation holds for the Z-transform of an 1D cyclic
convolution of length N :

y(n) = x(n)~h(n) <=> Y (z) = X(z)H(z) mod (ZN−1).
(2)

The 1D cyclic Winograd convolution algorithms are proven
to be of the form:

y = C(Ax⊗Bh). (3)

This fast convolution architecture is shown in Figure 1.
In this section, we shall focus on fast 2D cyclic convolu-

tion:

y(k1, k2) =

N1∑
i1

N2∑
i2

h(i1, i2)x((k1 − i1)N1 , (k2 − i2)N2))

(4)
algorithms having minimal computational complexity, as the
methodology for fast multidimensional convolutions is sim-
ilar [5], [6]. These convolutions have the following form in



Fig. 1: 1D Winograd cyclic convolution algorithm.

the 4D Z domain (z1, z2):

Y (z1, z2) = X(z1, z2)H(z1, z2)

mod (z1
N1 − 1), (z2

N2 − 1),
(5)

or more generally:

Y (z1, z2) = X(z1, z2)H(z1, z2) mod P1(z1), P2(z2)
(6)

If Pi(zi), i = 1, 2 factorize as follows:

Pi(zi) =

νi∏
ji=1

Piji(zi), 1 ≤ ji ≤ νi, i = 1, 2, (7)

the convolution (6) is split into ν1ν2 smaller products:

Y1j1,2j2(z1, z2) = X1j1,2j2(z1, z2)H1j1,2j2(z1, z2) (8)
mod P1j1(z1), P2j2(z2), 1 ≤ ji ≤ νi, i = 1, 2. (9)

By finding the polynomials:

Riji(zi) = δji,ki mod Piji(zi), Piki(zi)

1 ≤ ji ≤ νi, ki ≤ νi, i = 1, 2,
(10)

we can reconstruct Y (z1, z2) as follows [6]:

Y (z1, z2) =

ν1∑
j1=1

Y1j1,2j2(z1, z2)

ν2∑
j2=1

R1j1(z1)R2j2(z2)

mod P1(z1), P2(z2).

(11)

The algorithm (6)-(11) is essentially the split nesting convo-
lution algorithm [4], which is a variation of the nesting algo-
rithm of [10].

The computational complexity of this 2D convolution al-
gorithm is (2N1−ν1)(2N2−ν2), which isO(N2), i.e., much
lower than the computational complexity ofO(N4) of the 2D
cyclic convolution computation by its definition (4). How-
ever, this is not the minimal computational complexity algo-
rithm, as: a) each polynomial P1j1(z1), 1 ≤ j1 ≤ ν1 can
possibly be further factorized in kj1,j2 factors over the field
Q[z2]/P2j2(z2), 1 ≤ j2 ≤ ν2 or b) vice versa, each polyno-
mials P2j2(z2), 1 ≤ j2 ≤ ν2 can possibly be further factor-
ized kj2,j1 factors over the fields Q[z1]/P1j1(z1), 1 ≤ j1 ≤
ν1. By examining both these further factorizations (a, b) for
each product (8), we can derive 2D cyclic convolution algo-
rithms having minimal computational complexity [6]:

M =

ν1∑
j1=1

ν2∑
j2=1

min((2Nj2 − 1)(2Nj1 − kj1,j2),

(2Nj1 − 1)(2Nj2 − kj2,j1))

(12)

Such algorithms take the general form of (3). However, the
construction of matrices A,B,C requires good Algebra skills
and is far from trivial. We constructed such novel optimal
algorithms for severalN×N cases, notably for p×p (e.g., for
p = 3, 5, 7) and for 2l×2l (e.g., for 4×4) cyclic convolutions.
An illustrative example of this procedure for a 3 × 3 cyclic
convolution can be found in the next section.

CNNs typically employ 2D linear convolutions having
small convolution kernels (e.g., below 11 × 11 coefficients).
They, in turn, can be embedded in rather small 2D N × N
cyclic convolution, as input images are typically split into
small blocks to enable block-based 2D N ×N cyclic convo-
lution calculations that are highly (and easily) parallelizable
in GPUs, as can be seen in a subsequent section.

3. EXAMPLE: FAST 2D 3× 3 CYCLIC
CONVOLUTION ALGORITHM HAVING MINIMAL

COMPUTATIONAL COMPLEXITY

A 2D 3× 3 cyclic convolution is defined as follows:

Y (z1, z2) = H(z1, z2)X(z1, z2) mod z31 − 1, z32 − 1,
(13)

where:

X(z1, z2) = x00 + x01z2 + x02z
2
2 + x10z1 + x11z1z2

+ x12z1z
2
2 + x20z

2
1 + x21z

2
1z2 + x22z

2
1z

2
2

(14)

H(z1, z2) = h00 + h01z2 + h02z
2
2 + h10z1 + h11z1z2

+ h12z1z
2
2 + h20z

2
1 + h21z

2
1z2 + h22z

2
1z

2
2 .

(15)

The polynomial z3 − 1 is analyzed as follows:

z2 − 1 = (z − 1)(z2 + z + 1). (16)



Therefore, the 2D 3× 3 cyclic convolution is decomposed as
follows:

X1(z1, z2) = X(z1, z2) mod (z1 − 1), (z2 − 1) (17)

X2(z1, z2) = X(z1, z2) mod (z1 − 1)(z22 + z2 + 1) (18)

X3(z1, z2) = X(z1, z2) mod (z2 − 1)(z21 + z1 + 1) (19)

X4(z1, z2) = X(z1, z2) mod (z21 + z1 + 1)(z22 + z2 + 1).
(20)

We notice that the polynomial z21 + z1 + 1 can be factorized
in the field Q[z2]/z

2
2 + z2 + 1 as follows:

z21 + z1 + 1 = (z1 − z2)(z1 + 1 + z2). (21)

Thus, Y4(z1, z2) can be further decomposed in two terms:

X41(z1, z2) = X4(z1, z2) mod (z1−z2)(z22+z2+1) (22)

X42(z1, z2) = X4(z1, z2) mod (z1 + z2 +1)(z22 + z2 +1)
(23)

By employing CRT, Y4(z1, z2) is reconstructed from Y41(z1, z2)
and Y42(z1, z2) as follows:

Y4(z1, z2) =

2∑
n=1

Ri(z1, z2)Y4i(z1, z2)

mod (z21 + z1 + 1)(z22 + z2 + 1)

(24)

R1(z1, z2) = −1

3
[2z1z2 + z2 + 1] (25)

R2(z1, z2) =
1

3
[(2z2 + 1)z1 + z2 + 2]. (26)

Then Y (z1, z2) is reconstructed as follows:

Y (z1, z2) =

4∑
i=1

Ri(z1, z2)Yi(z1, z2) mod (z31−1)(z32−1),

(27)
where:

R1(z1, z2) =
1

9
(z21 + z1 + 1)(z22 + z2 + 1) (28)

R2(z1, z2) = −1

9
(z21 + z1 + 1)(z22 + z2 − 2) (29)

R3(z1, z2) = −1

9
(z21 + z1 − 2)(z22 + z2 + 1) (30)

R4(z1, z2) =
1

9
(z21 + z1 − 2)(z22 + z2 − 2). (31)

This leads to fast 2D 3 × 3 cyclic convolution algorithm
of the form:

y = C(Ax⊗Bh), (32)

where:

A = B =



1 1 1 1 1 1 1 1 1
1 0 −1 1 0 −1 1 0 −1
0 1 −1 0 1 −1 0 1 −1
1 −1 0 1 −1 0 1 −1 0
1 1 1 0 0 0 −1 −1 −1
0 0 0 1 1 1 −1 −1 −1
1 1 1 −1 −1 −1 0 0 0
1 0 −1 0 −1 1 −1 1 0
0 1 −1 1 −1 0 −1 0 1
1 −1 0 −1 0 1 0 1 −1
1 0 −1 −1 1 0 0 −1 1
0 1 −1 −1 0 1 1 −1 0
1 −1 0 0 1 −1 −1 0 1



,

(33)

This fast algorithm requires only 13 multiplications, while
the computation of the 3× 3 cyclic convolution using its def-
inition (13) requires 81 multiplications. Also note that the
two matrix-vector products and the point-wise vector prod-
uct are highly parallelizable. Furthermore, as expected, ma-
trix A, B entries are 0,±1. Therefore, if we use the form
(3), we have no ’multiplications in the matrix-vector prod-
ucts. Furthermore, additions/subtractions used in the matrix
vector products, e.g., X = Ax can be grouped in subsums
that can reused. In the case of the Ax computation, the addi-
tions can be reduced from 68 to 40, as can be seen in the flow
diagram of Figure 2. The constructions of algorithms of the
form (3), taking all these optimizations into account, is novel,
does pay off and it is far from trivial.

Transformation of each one of the 13 rows of matrix A
into 3 × 3 submatrices leads to interesting visualization pat-
terns, as can be seen in Figure 3. Essentially, each matrix row
(but for the first one) produces an input 2D signal (image) x
transformation on certain directions and frequency bands.

4. SPEEDING UP AND PARALLELIZATION OF
CONVOLUTION ALGORITHMS

In case L >> M , the signal x can be split in blocks of length
LB . Then the linear convolution can be split in smaller length
N ≥ LB+M−1 convolutions using overlap-add or overlap-
save methods [11]. This approach leads to very easily paral-
lelizable convolution algorithms.

The proposed 2D convolution method was implemented
on GPU cards for a 3×3 convolution kernel on 512×512 pixel
input images, using an optimal 4× 4 cyclic convolution algo-
rithm combined with an overlap-save block-based approach
employing 65536 2×2 image blocks (tiles). Its execution time
was a mere 0.0809 ms. It is 4,77 times faster than the fastest
cuDNN convolution (GEMM-0) and 11,33 times faster than
the corresponding cuDNN Winograd linear convolution rou-



C =
1

27



3 3 −6 3 3 −6 3 3 −6 3 3 −6 3
3 3 3 −6 3 −6 3 3 3 −6 3 3 −6
3 −6 3 3 3 −6 3 −6 3 3 −6 3 3
3 3 −6 3 3 3 −6 3 3 −6 −6 3 3
3 3 3 −6 3 3 −6 −6 3 3 3 −6 3
3 −6 3 3 3 3 −6 3 −6 3 3 3 −6
3 3 −6 3 −6 3 3 −6 3 3 3 3 −6
3 3 3 −6 −6 3 3 3 −6 3 −6 3 3
3 −6 3 3 −6 3 3 3 3 −6 3 −6 3


. (34)

Fig. 2: Diagram for Ax calculation for a 3 × 3 Winograd
cyclic convolution.

tine (Winograd-6) for the same convolution kernel size and
image size. Therefore, the proposed algorithm is almost 5
times faster than the fastest known competing convolution al-
gorithm internationally.

5. CONCLUSIONS

CNN are still slow to be used, e.g., for object detection in em-
bedded vision systems [12]. Furthermore, R & D on CNNs
moves towards higher dimensions for 3D spatial or spatiotem-
poral (video) analysis, where processing requirements are ex-
cessive. Finally, fast convolution structures and essential for
fast object tracking (e.g., correlation trackers) in embedded
systems [3]. Therefore, it indeed pays off to derive fast (pos-
sibly optimal) multidimensional convolution algorithms.

This paper presents novel 2D and n-D cyclic convolution
algorithms having minimal computational complexity. They
can be easily described by simple linear algebra operations
with matrices having trivial entries 0,±1. Their structure is
easily paralellizable. This renders these algorithms very at-
tractive for multicore CPU and GPU processing. They are
much faster than any competing convolution algorithm known
today. However, they do have their drawbacks. In the general
case of 2D N × N convolution, their structure cannot easily
be obtained and requires strong mathematical skills. The pro-
cess of automatically generating the matrices A,B,C to be
used in (3) is an active and very interesting research topic.
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