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2D Discrete Systems @ML

« Definition: A Two-Dimensional (2D) Discrete System T transforms
a 2D signal x(nq4,n,) to a 2D output signal y(n,n,):

y(ny,ny) = Tx(ng,ny)l.

z(nime) T[] Wmone)

2D Discrete System.
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2D Discrete Systems @ML

A 2D Linear Spatially Invariant (LSI) system is described by a 2D
linear convolution:

(n1;n2) = x(nbnz) xx h(ng, ny)

z z x(kq,k)h(ng —kq,ny — ky).

klz—oo kzz—OO

An LSI system Is described by its 2D impulse response h(nq,n,).
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2D Discrete Systems
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Visualization of 2D convolution calculation.




2D linear correlation (VML

2D correlation of template image h and input image x (inner
product):
N{-1N,-1
Tha (Mg, Mp) = Z Z h(kq, k2) x(kq + nq, ky + ny) = h'x(ny, ny).
k1=0 k2=0

e h=1h(0,0),..,Ah(N; =—1,N, — 1)]": template image vector.

¢ X(n.,ny) =[x(ny,ny), .., x(ng +Ny—1,n, + N, — D" local
neighborhood (window) image vector.
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2D linear correlation (VML

Differences from convolution:
* x(nq,n,) is not flipped around (0,0).

* It is often confused with convolution: they are identical only If
h Is centered at and is symmetric about (0,0).

* |t is used for 2D template matching and for object detection and
tracking in video.

Image autocorrelation:
N,—-1N,-1

Tex (M1, M) = z z x(kq, k2) x(ky + 1y, ky +15).

k1=0 k2=0
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2D Discrete Systems @ML

The impulse response support distinguishes 2D systems in:

« 2D Finite Impulse Response (FIR) systems have a finite filter
window of size M; X M, samples: 0 <n; <M;, 0<n, <M,.

They are described by the 2D convolution:

M;—1M,—1

yng) = ) Dk, kp)x(ny = kyny — k).

k1=0 k2=0
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2D Discrete Systems @ML

Example of an FIR is the arithmetic moving average filter:

1 V1 U3
y(ny,ny) = M, M, z 2 x(ny —ky,ny —ky).

kl =—D1 kz =—V>y

* Oddwindow size: M; = 2v; +1, i =1,2.
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2D Discrete Systems @ML

Moving average image filtering.
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2D Discrete Systems

2D |IR filter (edge detector) output.
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2D Z Transform @ML

Definition of 2D ZTransform

X(z1,2;) = 2 z x(npnz)z_nl _nz-

nq{=—00 Ny=—00
* |t performs a mapping from C X C — C.
- It can be considered as a 2-variable polynomial of z;1z; 1.
. Definition of reverse 2D Z Transform:

x(ny,ny) = (27_[ ) f fX(ZLZz)an_l n2_1d21d22

C1 Cy
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2D Z Transform @ML

Reflection about an axis:
x(—ny,n,) © X(z11, 2,),
X(Tll, —le) A X(Zly Z2 1)
x(—nqy, —ny) © X(Z1 )y Z) 1)

Convolution:

y(nq,ny) = x(nyg,ny) ** h(ng, ny) © Y (24, 2;) = X(24, 22)H(24, 23).
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Transfer Function of 2D Digital Filters
J (vmL

2D transfer function definition:
Y(Z1:Zz)
X(Z1:Zz) |

H(zy,z) =

Transfer function of a 2D FIR filter:
M;-1M,—-1

H(z;,z,) = Z Z Ry, ky)z K127

ki1=0 k=0
Itis a 2 variable polynomial of z;%,z; 1.
Such polynomials: a) can not be easily factorized; b) they do not

. have distinct roots.
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Transfer Function of 2D Digital Filters
J (vmL

 Transfer function of a 2D IIR filter:

Zrl Zrz a(rly rz)Zl_rlzz_rZ B A(Z]J ZZ)
Zkl Zkzb(kl’ kz)Zl_k]'Z;kz B(le ZZ) .

H(ZlJ ZZ) —

- Itisa 2D rational function of z;1%, z; 2.

« Denominator polynomial B(z{,z,) may become 0, leading the IIR
system to instabllity. It cannot be easily factorized.
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Implementation of 2D Digital Filters (VML

« 2D IIR filters employ both input and past output pixels for
computing current output pixel.

* This poses constraints on the IIR output filter mask.

« 2D IIR filters split the image plane In past, current and future
pixels to be visited.

* Their definition depends on the way image Is scanned.

« Maximal output filter mask: half-plane one.
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(VML

Q&A

Thank you very much for your attention!

Contact: P-r”d‘ff |. Pitas
pitas@csd.auth.gr _—
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