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Abstract

Adaptive order statistic filters for noise smoothing in digital images are presented in this paper.
Two classes of adaptive filters are studied, namely, the LMS-based adaptive order statistic filters
and the signal-adaptive filters. The filter structures in the first class need a noise-free image to be
used as a reference image whereas those in the second class do not require a reference image. Two
filter structures from the former class are examined: the adaptive location-invariant L-filter and the
adaptive Ll-filter. A novel signal-adaptive filter, namely, the morphological signal-adaptive median
filter (M SAM) is proposed in the second class. It employs an anisotropic window adaptation
procedure based on mathematical morphology operations. The noise smoothing capabilities and
the computational complexity of the LMS-based adaptive order statistic filters studied serves as a
baseline in the assessment of the properties of the proposed MSAM filter. Quantitative criteria
(e.g., the signal-to-noise ratio, the peak signal-to-noise ratio, the mean absolute error and the mean
squared error) as well as qualitative criteria (e.g., the perceived visual quality of the processed
images) are employed to assess the performance of the filters in various corruption cases by different

noise models.

Keywords: noise smoothing, order statistics, LMS-based adaptive filtering, signal-adaptive filtering,

morphological operations.
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1 Introduction

Adaptive signal processing has been successfully applied in identification, channel equalization, echo
cancellation in telephone channels, suppression of narrowband interference in wideband signals and
adaptive arrays for more than two decades [1]. The most widely known adaptive filters are the linear
ones that have the form of either finite impulse response (FIR) filters or lattice filters. However,
linear filters may not be suitable for applications where the transmission channel is nonlinear or
the noise is impulsive or the signal is strongly nonstationary (e.g. in image processing).

On the contrary, a multitude of nonlinear techniques has proved a successful alternative to the
linear techniques in all the above-mentioned cases. For a review of the nonlinear filter classes the
reader may consult [2]. One of the best known nonlinear filter families is based on order statistics
[3]. It uses the concept of sample ordering. There is now a multitude of nonlinear filters based
on data ordering. Among them are the L-filters whose output is defined as a linear combination
of the order statistics of the input sequence [4]. The L-filters have found extensive application
in digital signal and image processing, because they have a well-defined design methodology as
the estimators which minimize the Mean-Squared Error (M SE) between the filter output and
the noise-free signal. Another structure that is a generalization of L-filters are the Li-filters that
employ both time/spatial and ordering information [5]. An extension of the Ll-filters, the so-called
permutation filters that embody the full potential of a permutation group transform, is proposed
in [6].

It is well-known that digital image filtering techniques must take into account the local image
content (i.e., the local statistics), because image statistics vary throughout an image. It has been
proved both in theory and in practice that adaptive techniques can cope with nonstationary and/or
time varying signals. Two broad classes of adaptive filters are known in the literature. Adaptive
filters whose coefficients are determined by iterative algorithms (e.g. Least Mean Squares, Recursive

Least Squares) for the minimization of the mean squared error (M SFE) between the filter output
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and the desired response belong in the first class. Several authors have used the Least Mean Squares
(LMS) algorithm to design nonlinear filters. For example, the LMS algorithm has been used in the
design of L-filters [7, 8, 9, 10], Li-filters [11], permutation filters [12] and order statistic filter banks
[13]. A survey on adaptive order statistic filters can also be found in [14]. The so-called signal-
adaptive filters belong to the second class. They are filters that change their smoothing properties
at each image pixel according to the local image content. They have been used in image processing
applications where impulsive or signal-dependent noise is present [15, 16]. Most of these filters
change their coefficients close to the image edges or close to impulses, so that their performance
becomes similar to that of the median filter.

In this paper, a comparative study of the noise suppression capability of filter structures that
belong to the above-mentioned classes is undertaken. Still images are examined. However, a
straightforward extention to the case of image sequences is possible as well. In the first class,
adaptive order statistic filters based on LMS are considered. Two filter structures are discussed:
(1) the location-invariant adaptive LMS L-filter [8, 10] and (2) the adaptive LMS Li-filter [11].
Both adaptive L- and Li-filters depend on the availability of a noise-free image to be used as a
reference image. It is known that the location-invariant LMS L-filter, in principle, can be modified
so that it minimizes the overall output filter, thus alleviating the need for having a reference image
[10]. When a reference image is not available, another possibility is to use a filter that belongs to
the second class, i.e., a signal-adaptive filter. The smoothing properties of signal-adaptive filters
change at each image pixel according to a local SN R measure that is used to vary the filter window
size as well. In this paper, we shall confine ourselves to the signal-adaptive median (SAM) filter.
A novel extension of the SAM filter is proposed. It is the so-called morphological signal-adaptive
median (M SAM) filter. Two modifications are introduced in the SAM filter aiming at alleviating
its disadvantages/limitations: (1) the impulse detection mechanism of SAM is enhanced so that

it detects not only impulses of a constant amplitude but randomly-valued impulses as well, (2) in
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contrast to SAM that employs isotropic filter windows of dimensions 3 x 3 to 11 x 11, MSAM
implements anisotropic window adaptation based on binary morphological erosions/dilations with
predefined structuring elements. The M SAM filter performs well against contaminated Gaussian
or impulsive noise corruption cases. It does not require the a priori knowledge of a noise-free image,
but only of certain noise characteristics which can easily be estimated. It adapts its behavior based
on a local SNR measure thus achieving edge preservation and noise smoothing in homogeneous
regions.

The following commonly used objective criteria, i.e., the Signal-to-Noise Ratio (SN R), the Peak
Signal-to-Noise Ratio (PSNR), the Mean Squared Error (M SE) and the Mean Absolute Error
(M AE) have been employed in the comparisons undertaken. In addition to the quantitative criteria,
subjective criteria (e.g., the visual quality perceived by the observer) in judging the success of a
filtering algorithm are also used. The importance of subjective criteria becomes evident in the case
of the morphological SAM filter whose output is of better visual quality (as is shown in subsequent
sections) than the output of the other algorithms, although the SNR/PSNR/MAE/MSE values
achieved are not always the best.

In summary, the main contribution of the paper is in (a) the comparison of the adaptive non-
linear filters under study for noise suppression in still images, and (b) the design of morphological
signal-adaptive median filters.

The outline of the paper is as follows. Section 2 is devoted to a brief description of the LMS
adaptive order statistic filters for noise suppression in still images. The morphological signal-
adaptive median filter is described in Section 3. Experimental results are included in Section 4 and

conclusions are drawn in Section 5.
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2 Still image adaptive LMS order statistic filtering

Let the observed image x(k) be expressed as the sum of a noise-free image d(k) plus zero-mean
two-dimensional additive white noise, i.e., (k) = d(k) + n(k) where k = (k,l) denotes the pixel
coordinates. In image processing, a neighborhood is defined around each pixel k. Our purpose is to
design a filter defined on this neighborhood (to be called the filter window hereafter) that aims at
estimating the noise-free central image pixel value d(k) by minimizing a certain criterion. Among
the several filter masks (e.g. cross, x-shape, square, circle) that are used in digital image processing
[2], we shall rely on the square window of dimensions (2¢ +1) x (2£ +1). Let N = (26 +1)2. Since
we intend to apply a filter based on sample ordering, let us rearrange the above (2§ + 1) x (2£ + 1)

filter window in a lexicographic order (i.e., row by row) to a N x 1 vector:

x(k) = (z(k — &1 =€),k —E1—¢+1),...,x(k—E1+8),...,x(k+ &1+ ). (1)

where T denotes the transposition operator. If X and £ denote the image rows and columns
respectively, depending on the image scanning method, each pixel (k,l), k=1,...,K, I=1,...,L
can be represented by a single running index n. For raster scan (or lexicographic order), the indices
k,l and the running index n are related through n = (k — 1) £ 4 [. Henceforth, a one-dimensional
(1-D) notation is adopted for simplicity. The location-invariant LMS L-filter and the adaptive LMS

Li-filter are briefly reviewed in Section 2-A and Section 2-B, respectively.

2-A Location-invariant LMS L-filter
2-A.1 Filter Design
Let x,(n) be the ordered input vector at pixel n given by:
T
x,(n) = (1) (), 22) (), ... 3 (n) ) (2)

where z(1)(n) < z9)(n) < ... < z(n)(n). We are seeking the L-filter whose output at n, y(n) =

al x,(n) minimizes the MSE J(n) = E [(y(n) — d(n))?] subject to the constraint 1% a(n) = 1.
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Let v = (N + 1)/2. By employing the above-described constraint, we can partition the L-filter

coeflicient vector as follows:
a(n) = (af (n)lay (n)}a ()" (3)
where a;(n), as(n) are (N —1)/2 x 1 vectors given by:
ai(n) = (a1(n),...,a,1(n))"  as(n) = (aa(n),...,an(n))". (4)
The coefficient for the median input sample is evaluated then by:
ay(n) =11, jai(n) — 1, jas(n). (5)

Let a’(n) be the reduced L-filter coefficient vector:

a/(n) = (al (n)]ad ()" (6)
and x,(n) be the (N — 1) x 1 vector:

X xr1(n) — z(,)(n)1
Xr(n) = : (7)
xr2(n) — 7,y (n)1
Following the analysis in [8, 10], it can be proved that the LMS recursive relation for updating the

reduced L-filter coefficient vector is given by
a'(n+1)=4a'(n) +pe(n) %:(n) (8)
where £(n) is the estimation error at pixel n, i.e., €(n) = y(n)—d(n) and p is the step-size parameter

considered equal to 5 x 1077, Eq. (5) and (8) define the LMS location invariant L-filter.

2-A.2 Complexity-Storage Requirements

The implementation of a location-invariant LMS L-filter requires a total number of 2N multipli-
cations/divisions (or mults/divs) and 4(N — 1) additions/subtractions (or adds/divs) per output

sample. Thus, the filter exhibits a complexity of O(N). Memory requirements are limited to the
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use of 3N +1 local variables per output sample. An algorithm for fast sorting has been proposed in
[17], which may be used for the input vector ordering. This method requires only 2(N — 1) —loga N
comparisons while the QUICKSORT method exhibits a complexity of O(2Nlog(2¢ + 1)). L-filters

are known for their small computational complexity and limited memory storage requirements.
2-B Adaptive LMS Li-filters

2-B.1 Filter Design

The main problem with L-filters is that they do not incorporate time or spatial information. On
the contrary, Li-filters can incorporate time/spatial information along with ordering information

through the representation of the observations by means of the (N2 x 1) vector z [5]:

2(n) = (<7 (x(m)), <L (x(m), ..., E(x(n) (9)

where each (N x 1) vector QZT(X) is defined by:

T .
QZT(X) = ($(1)17$(1)277$(Z)N) , = ]-7"'7N (10)
with
Ty, if zg) = z(j),
0, otherwise

By its construction, vector z(n) contains both time and ordering information. It is worth noting
that only N elements of vector z(k) are always nonzero. The output of the Li-filter is given by:

y(n) = cT'z(n) where c is a (N2 x 1) coefficient vector of the form:

T
¢ = (0(1)1, - ac(l)N|c(2)13 e ,0(2)N| .- |C(N)1a e ac(N)N) . (12)

The LMS algorithm can be used for the adaptation of the Li-filter coeflicients yielding the following
updating equation [11]:

c(n+1) = c(n) + pe(n)z(n) (13)
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where the adaptation step-size p should satisfy:

2
NoZ

0<p< (14)

with 0,2% denoting the total input power.

2-B.2 Complexity-Storage Requirements

For the calculation of an output sample, a total number of 2N?+1 mults/divs and 2N2—1 adds/subs
are required, resulting to a complexity of O(N?). Storage requirements are quite extensive reaching
a total number of 2N? + 2 local variables per output sample. The number of comparisons needed
for the input vector ordering are identical to those required by a location invariant L-filter, if the
same filter window is employed. Fast sorting algorithms could also be used in this case for ordering

the input.

3 Morphological signal adaptive median filter

3-A Filter Design

The filter structures described so far require the a priori knowledge of the noise-free version of
the corrupted image (to be used in the training phase, as it will be described later on). However,
the assumption of the availability of the noise-free version of the corrupted image is not always
true. A class of filters that does not require the a priori knowledge of the desired image is the
so-called signal-adaptive filters. Signal-adaptive filters adapt their behavior in accordance with a
local SN R measure. Thus, they perform differently close to image edges, where the primary goal
is to preserve them, than in homogeneous regions, where the objective is to smooth the noise. The
signal adaptive median filter (SAM) is a paradigm of this class [18]. Other signal adaptive filters
have been proposed in [16, 19].

A novel extension of the standard SAM filter is introduced in this section. It is the so-called

morphological signal-adaptive median filter (M SAM). The proposed filter performs well on when
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impulsive or additive contaminated Gaussian noise is present, especially at high corruption cases. It
requires only the a priori knowledge of certain noise characteristics, which can easily be estimated.
It adapts its behavior based on a local SN R measure thus achieving edge preservation and noise
smoothing in homogeneous regions.

To begin with, let us describe the framework for signal-adaptive filters. Let us denote by 072] the
noise variance that is known or has been estimated beforehand. Moreover, in the case of impulsive
noise let p, be the percentage of positive impulses (i.e., S0 = 255), and p,, be the percentage of
negative impulses (i.e., Syin = 0). Thus, the noisy image pixel values x(n) are determined by the

model:

Smin  with probability p,

z(n) = Smaxz With probability p, (15)

z(n) with probability 1 — (p, + py)

\

where z(n) is an image pixel corrupted possibly by additive white or signal-dependent noise. The

output of the MSAM filter is expressed as in the standard SAM filter [18], i.e.,

y(n) = 2y (n) + b(n)[z(n) — Za(n)]. (16)

Zp(n) is the modified median, i.e., the median of the pixels that remain after the removal of
impulses from the local window. b(n) is a weighting coefficient that is used to adapt the window
size according to whether a flat region or an edge has been met. Thus, in homogeneous regions,
total noise suppression is achieved, because a large window is employed due to b(n) being close
to 0. Edges are also well preserved, because a small window size is used due to b(n) being close
to 1 in this case. The window increment/decrement procedure is explained below. Two major

modifications in the standard SAM filter [18] are introduced by the so-called M SAM filter:

1. MSAM employs the morphological operations of dilation and erosion with certain predefined
structuring elements (SEs), in order to vary anisotropically the window size with respect to

the local image content. This modification has been motivated by the work reported in [20].
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2. M SAM employs two impulse detectors: one for constant impulses (either positive or negative)
and another for randomly-valued impulses. Impulse detection is done only in the initial

window of dimensions 3 x 3.

Subsequently, the several steps of the algorithm are presented.

1. Constant value impulse detection [18]:
The filter performs detection of constant value impulses in an initial window of dimensions

3 x 3 by using a signal-dependent threshold 7,(n) for negative impulses given by:

Tn(n) = C[sz'n - iM(n)] <0 (17)

Tp(n) = C[Smax - jM(n)] >0 (18)

where ¢ = 5/6. If [z(n) — Zp(n)] < 7, then z(n) is detected as a negative impulse. On the

opposite, if [z(n) — Zpr(n)] > 7, then z(n) is detected as a positive impulse.

2. Randomly-valued impulse detection:
Motivated by the randomly-valued impulse detection mechanisms developed in [16, 21], two
additional thresholds are incorporated in the standard SAM filter. They are defined as

follows:

h1(n) = Tmaz — Tmins (19)

ha (n) = Tmazs — Tmin (20)

where Zp,;, is the minimum value pixel, Z;,;p, the second minimum value pixel, Z;q; the
maximum value pixel and %4z, the second maximum value pixel in the initial window. If
the absolute difference |z(n) — Zps(n)| is greater than any of the thresholds h; or hg, then

x(n) is of very small or of very large value with respect to its neighboring pixels and most
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possibly is a randomly-valued impulse. Random-value impulse detection is performed only
if the current pixel has not previously been detected as a constant impulse and only when
bsx3(n) > by (which means edge region or possible randomly-valued impulse in the initial
3 x 3 window with respect to Steps 3 and 4 described later on). If the current pixel is an
impulse, either constant or randomly-valued, it is excluded from the estimation of the median
at the current and at any future window centered at n. That is, it is not considered in the

estimation of the modified median employed in (16).

3. Calculation of the weighting coefficient b(n).

This coefficient is given by the expression [18]:

0, if aa% > 62
bn) = P (21)
(1 —a-%)?, otherwise.
O-CU

62 denotes the image variance estimated from the local “windowed” histogram [18] from
which the current pixel is additionally excluded if it is detected as an impulse. « and (3
are appropriately chosen parameters in the interval [0, 1]. The parameter a controls the
threshold on the local signal to noise ratio up to which the high-frequency components are

entirely suppressed. The parameter § controls the suppression of noise close to edges.

4. Decision whether the current pizel belongs to a homogeneous region or to an edge.
The weighting factor b(n) calculated in Step 3 is compared to a predefined threshold b;. If
it is smaller than b;, then the current pixel is assumed to belong to a homogeneous region.
Otherwise, the current pixel belongs to an edge. The threshold b; lies in the interval [0, 1].
Its selection is accomplished in accordance with the degree of corruption and the nature of
noise. For highly corrupted images, its value is lower than 0.5. If the image is corrupted by
pure Gaussian noise of relatively medium variance, the threshold lies in the range [0.65, 0.85].
A reliable method for the choice of the threshold b; is described in [18]. Methods employing

local statistics have been reported in [22].
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5. Nowel window adaptation procedure.

The proposed M SAM further differs from the SAM filter in the window adaptation procedure
used. SAM employs isotropic filter windows of dimensions 3 x 3 up to 11 x 11. In contrast
to SAM, an anisotropic window adaptation procedure is proposed based on mathematical
morphology operations of binary erosion/dilation with predefined structuring elements. Four
structuring elements are employed, namely, B, By, B3 and By and their symmetric ones By,

5, B3 and Bj illustrated in Figure la. They are divided in even-angle SEs (B;, Bs, Bj, B3)
and in odd-angle SEs (B3, B4, B3, Bj). The window increment is performed by a dilation
operation W @ B;, where W denotes the current filter window. The “direction” of increment
depends on the choice of B;. The result of the window growing W & B; for an original 3 x 3
window size W is shown in Figure la. The thin dots belong to the original window W while
the bold dots denote the new pixels that have been appended to W to form a new (larger)
window. In a similar fashion, the window decrement is performed by an erosion operation
W © B;. This is demonstrated in Figure 1b for By, B}, By, B;. It should be noted that only
these SEs are used for reducing the window size. The procedure of the window adaptation

begins with a 3 x 3 square window and checks whether the central pixel belongs to an edge.

I. If it does not belong to an edge:

(a) An attempt is made to increase the window size by using the odd-angle SEs.

(i) If an edge is “hit” (e.g. b(n) > b;) the current odd-angle SE is excluded and the
even-angle SEs that compose the SE under consideration are tested for possible
window increment. For example, if B, is excluded, By and Bs are tested for
possible use in window increment. This means that the sides of the mask are
also separately checked expecting that an edge is possibly met at one side only,
thus allowing window increment from the remaining side. By doing so, maximal

window increment is achieved.
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(ii) If an edge is not met, then the current odd-angle SE is used to increase the

window size. The corresponding even-angle SEs are then excluded.

(b) In the next step, the odd-angle SEs, that have not been excluded in a previous step,
are tested again. In the above-described example, B3, B3 and Bj remain to be
tested. In other words, if it is known from a previous step that a window side meets
an edge, this side is not considered again.

(c) The procedure continues until all the odd-angle and all the even-angle SEs are

excluded or until at least one side reaches a maximal size (e.g., 11).

II. If the pixel belongs to an edge, the goal is to expand the mask in the neighboring
regions that are homogeneous. That is, the current pixel is labelled as a border pixel
and the window increment is done towards the side of the edge where the pixel belongs
to. To do so, the opposite side of the edge must be found and the increment of the
filter window towards that direction must be prohibited. This is done as follows. The
average value of the pixels on each of the four sides of a window of dimensions 3 x 3
is derived and the absolute difference between the side average values and the current
pixel is calculated. The side that corresponds to the greater difference is removed. The
difference is a measure of deviation of the side pixels from the current one. The side
that deviates the most is possibly the side that should be removed. The decrement of
the initial window size is achieved by the operation of erosion with one of the SEs By,
B3, By, B5. Subsequently, the window increases towards the remaining sides in the way
described above by using appropriate SEs. For example, if an erosion with B; were

performed, By, B, B3, Bs, B; would be used to increase further the window.

Finally, if the current pixel is detected as an impulse, the factor b(n) is set to 0 (thus allowing
maximum filtering). After the “optimal” window size with respect to the local image content

has been determined, the filter output is estimated by (16). The modified median Zps(n) in 16
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is calculated only twice: at the initial window for impulse detection and at the final window for
the filter output estimation unlike the classical SAM filter which, in case that impulsive noise is

present, requires median estimation at every step of the isotropic window adaptation procedure.

3-B Complexity-Storage Requirements

In order to analyse the complexity and storage needs of the MSAM filter, the best and worst
cases with respect to the “optimal” filter window size will be examined. It will be assumed that
impulse detection is also performed, that is, impulsive noise is observed. The total number of final
mults/divs and adds/subs required per output sample is dependent on the local image content,

which controls the anisotropic window adaptation.

3-B.1 Best case - Minimum Complexity

The minimum number of computations is needed when the anisotropic window process outputs
as “optimal” local window the initial window consisting of Ny = ny x ny pixels. In this case,
the “windowed histogram” estimation needs 4 mults/divs and Ny + 6 adds/divs [18]. Impulse
detection requires 2 mults/divs and 6 adds/subs. The calculation of b(n) involves, assuming that
B = 1.0, Nr + 5 mults/adds and 2Ny + 4 adds/subs. Finally, the calculation of the output needs
2 adds/subs and 1 mult/div. The total number of mults/divs and adds/subs sums up to Ny + 12
and 3Nt + 18 respectively. The additional computational cost, in this case, compared to the SAM
filter, is the need of 3 adds/subs for random impulse detection (the sorting that is required is
performed during the modified median estimation). For median estimation, fast algorithms have

been proposed in the literature [23, 24]. If the modified median is calculated using the method of

[23], only 2[\/N; — Ahpin, — Ahpger — 1] comparisons are necessary. Ahy,i, and Ahy,,, are defined
in [18].
Storage needs sum up to an array of 256 elements representing the local “windowed” histogram

(assuming that Sy, = 255) and another 16 local variables used for impulse detection, b(n) and
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output estimation. The extra memory needs of the MSAM filter compared with SAM are 2 local

variables used by the randomly-valued impulse detector.

3-B.2 Worst case - Maximum Complexity

The worst case, in terms of computational complexity, occurs when M SAM outputs as “optimal”
the maximal filter window allowed consisting of Np = np X np pixels. Let’s assume that the
number of stages needed in order that the initial window ny X nj reaches the maximal one np X np
are equal to S7. Sp from St result from dilations (window increment) while the remaining Sg
from erosions (window decrement), i.e. St = Sp + Sg. Furthermore, let ng,, ; be the number of
pixels added to the local window at increment stage k, k = 1,---,Sp, and ng,; be the number of
pixels removed from the local window at decrement stage [, [ = 1,---,Sg. It is evident that the
total number of necessary stages for maximal filter window for the SAM filter, S7 gaas is less than
S, due to isotropic window adaptation.

The number of mults/divs and adds/subs required by the four main steps of the MSAM al-
gorithm: “windowed histogram” evaluation (includes the window adaptation process), impulse
detection, b(n) calculation and output estimation are summarized in Table 1 along with the num-
ber of comparisons required for modified median calculation per output sample. For comparison
purposes, respective numbers are given for the SAM filter. Decrement stages involve adding and

later removing pixels from the window leading to double computations (2 Efﬁl nsy ;) compared to

increment stages. For the calculation of b(n) the worst case is considered (computation of 1 — a;;’)
SAM impulse detection complexity is evaluated along with b(n) calculation complexity, since im-
pulse detection is performed at every stage and directly affects the value of b(n) [18]. This imposes
an extra cost of 257 gap mults/divs and 357 g4 adds/subs. On the contrary, M SAM impulse
detection is performed only at the initial window. Modified median estimation is performed by

MSAM only at the initial and final windows (Ahmin, 1, Ahmaz,r in Table 1 correspond to the ini-

tial window while Ahyin 7y, Ahpag,F to the final one). On the other hand, SAM evaluates median
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values at every stage for impulse detection (in Table 1 Ny = N; and Ng, 5 ,,, = Nr). It is noted
that generally N; + E;SZDI nsp,i + fol nsy,; > Np The equality is valid only if Sg = 0.

Storage requirements, in the worst case, are equal to those of the best one plus an additional
number of 8 local variables indicating whether a SE has been employed for erosion or dilation in

the current stage or if it has been excluded from use.

4 Simulation Results

4-A Performance Evaluation

The noise-free images “Airfield” and “Bridge” have been corrupted by adding white i.i.d. noise

obeying the pdf of a Gaussian mixture given by:

Ov

n~(1L—=XAN(0,0,)+ AN(0, 7)

(22)

with mean value E(n) close to 0, and variance o7 = o7(1 — X+ 1/X). The contamination factor
A, along with the initial standard deviation o, determine the degree of corruption. The result of
this noise corruption process is a mixture of Gaussian and impulsive noise (contaminated Gaussian
noise) of varying characteristics according to the value of both A and o,,. Thus, the proposed filter
performance can be evaluated on a wide range of different combinations of noise distributions and
corruption levels. For more details, the reader is referred to [25]. It is worth noting that the special
case of pure constant value impulsive noise is additionally examined in order to test the robustness
of the filters to this kind of noise. Performance results are reported for corruption cases by additive
noise with Laplacian (i.e., n ~ %e‘"’m, where 7 is the laplace coefficient and E[n] = 0) or Uniform
distribution (i.e., n ~ o=, where r denotes the half range of the distribution, the entire being [—r : r]

leading to E[n] = 0). Different levels of corruption are examined for these cases as well.

Four objective criteria have been evaluated for each pair of noisy and filtered images, namely
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the SNR, the PSNR, the M AE and the M SE, defined by

R 52 . 2552
SNR = 10logy, U_g PSNR = 10log, £l (23)

. 1 & & . 1 &,
MAE = — MSE = — 24
M]g;|g(k,l)| 5 Kﬁgge(k,n (24)

In the above equations, e(k,l) = y(k,l) — d(k,[) is the output noise, where d(k,[) is the noise-free
image and y(k,[) denotes the filtered image. 63 is the variance of the noise-free image and 62 is
the variance of the output noise. I, L correspond to the number of rows and columns, respectively,
of the processed part of the test image in question.

To begin with let us describe the experimental setup. Two different noise-free images have been
chosen, namely, the images “Airfield” and “Bridge”. Initially, both of them have been corrupted
by adding white i.i.d. noise obeying the pdf of a Gaussian mixture given by (22). For the adaptive
LM S order statistic filters, a preprocessing phase (i.e., a training phase) has been employed aiming
at deriving the filter coefficients following the procedure outlined subsequently. A noise-free training
image and a corrupted one by noise having the same distribution to the one observed in the test
image to be filtered are used. The filter structure that is used to filter the test image is also used in
the training phase. The test image is filtered by using the coefficients determined when the training
phase has led to convergence. These steady state coefficients can be obtained either by averaging
the filter coefficients found in the last row of the training image or by choosing the coefficients
found in the last image pixel filtered in the training phase. Although a noise-free version of the
training image (e.g. a TV logo) still is needed, there is no such need for a noise-free version of the
test image.

Following the above-described procedure, firstly, a corrupted version of image “Bridge” has been
employed in the training phase, that aims at determining the LMS order statistic filter coefficients
at convergence. A value of = 10~7 has been employed in the filters’ coefficient updating equations
8 and 13 during training. A corrupted version of image “Airfield” by the same kind of noise has

been used as a test image. The coefficients determined at the end of the training phase are applied
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to the test image for noise smoothing. The opposite situation has also been tested. That is, a
corrupted version of image “Airfield” has been employed in the training phase and a corrupted
version of image “Bridge” by the same kind of noise has been used as a test image. A window size
of 3 x 3 has been used in both training and testing phases. Images “Airfield” and “Bridge” both of
dimensions 512 x 512 are shown in Figures 2a and 2b, respectively. Three noise cases are studied

in more detail:

Case 1: The test images are corrupted by noise having a contaminated Gaussian distribution (22)
with values for A = 0.1 and 02 ~ 586.5. This leads to a high corruption of the original image
by mixed impulsive and Gaussian noise. The corrupted images are called “Airm0s3101” and

“Brim0s3101” and are shown in Figures 3a and 4a, respectively.

Case 2: ) is chosen to be equal to 1.0 which implies that only pure Gaussian noise is present in the

2

noisy image. A value close to 474.0 has been used for ¢;. The resulting images are named

“Airm0s9110” and “Brim0s9110” and are depicted in Figures 5a and 6a, respectively.

Case 3: Impulsive noise of 10% positive and 10% negative impulses of constant value has been added
to the test images to examine the robustness of the proposed filters in pure impulsive noise.

The final images “Airfield.i” and “Bridge.i” are shown in Figures 7a and 8a, respectively.

The quantitative figures of merit for the three cases are tabulated in Table 2 when the noisy
versions of images “Airfield” and “Bridge” are filtered. The respective figures of merit for the SAM
and the median filter of dimensions 3 x 3 are included in Table 2 for comparison purposes. Table
3 contains the values of the M SAM /SAM filter parameters and thresholds (p,,p,,c,3) employed
in the simulation process. The inspection of Table 2 leads to the following conclusions concerning
the performance of the adaptive order statistic filters under study with respect to SNR, PSNR,

MAFE and MSE values:

e For low SNR and very impulsive images, the morphological SAM filter attains the best
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performance. The Li-filter is the second best.

e For images corrupted by Gaussian noise, the adaptive Ll filter attains the best performance.

The MSAM filter is found to be the second best filter.

e For pure impulsive noise M SAM outperforms the other filters in terms of SNR, PSN R and

M SE values whereas SAM attains the smallest M AFE.

e The location invariant L-filter is not far behind in all cases.

It is worth noting that all filters under study outperform the median filter.

The filtered images by the adaptive order statistic filters under study are provided in order
to evaluate the filter performance with respect to the achieved visual quality. Figures 3b-d show
the outputs of the location invariant L-, adaptive LI- and morphological SAM filters, respectively,
when the noisy image “Airm0s3101” is filtered. For comparison purposes, the outputs of the SAM
and the median filter of dimensions 3 x 3 are shown in Figures 3e-f, respectively. Figures 4b-f show
the outputs of the above-mentioned filters in the same order when the noisy image “Brim0s3101”
is filtered. The outputs of the filters under study when image “Airm0s9110” is filtered are depicted
in Figures 5b-f and the outputs of the same filters when image “Brim0s9110” is filtered are shown
in Figures 6b-f respectively. Figures 7b-f and 8b-f demonstrate the outputs of the filters under
study when images “Airfield.i” and “Bridge.i” are filtered, respectively. By observing these figures,
it is found that the MSAM-filtered image is of better perceived visual quality than all the other
filtered images. Edges are preserved and not blurred, which is not the case with the other filters
under study. Mixed impulsive and Gaussian noise is smoothed very well, an untrue fact for the
other filters. Moreover, the removal of impulses and Gaussian noise in homogeneous image regions
is more successful when MSAM is used in all corruption cases examined. The superior M SAM

filter performance is attributed to three factors:

(i) the use of large window sizes in homogeneous regions,
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(ii) the anisotropic window increment that allows a higher noise suppression close to edges than

the one achieved by the standard SAM filter, and

(iii) the improved impulse detection mechanism that is now employed.

In order to justify the above remarks, Figures 9a-b and 10a-b are included. Figures 9a-b show
the total number of pixels in the “optimal” windows employed during filtering of a small part of
“Airm0s9110” by the SAM and M SAM filters, respectively. It is seen that MSAM yields larger
windows nearby edges than SAM resulting in better noise smoothing near edges. Figures 10a-b
illustrate the value of b(n) appropriately scaled after filtering the same noisy image. A value close to
1.0 indicates edge region while a value close to 0.0 a flat one. SAM edge detection produces thicker
edges which implies less filtering in those areas. Furthermore, when impulsive noise is present,
pixels in flat regions are mistakenly assigned as edge pixels by SAM due to its reduced impulse
detection capabilities.

It is worth noting that such a good performance of M SAM is obtained without any reference
image or training procedure and in a single pass. Furthermore, the poor performance of median
filters in presence of Gaussian noise is diminished. It is remarkable that the visual perception of the
images filtered by the three filters discussed in the paper is superior to that of the median filtered
image.

Performance results for a wider range of corruption levels in case of contaminated Gaussian noise
presence, as well as for a wide range of corruption levels when additive Laplacian or Uniformly
distributed noise is added, are tabulated in Table 4 for the SAM and MSAM filters, in order
to justify the improved performance of the M SAM filter. Achieved SNR and M SFE values are
illustrated for corrupted versions of image “Airfield”. The inspection of this Table leads to similar
conclusions analysed in the above. In almost all cases, the M SAM filter outperforms the SAM
and in the remaining ones their performance is almost identical. However, the perceived visual

quality of the filtered images by MSAM is much more superior than the one achieved by SAM.
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Remaining noise in flat regions and non-removed impulses are two significant drawbacks of the
latter. It should be noted that a minor disadvantage of the M SAM filter is its inability to preserve

very small details and thin lines.

4-B Complexity evaluation

The main disadvantage of the adaptive Li-filter is its high memory requirements and increased
computational complexity due to the large number of filter coefficients that need to be adapted in
the training phase and stored in both phases. Its complexity and storage needs are analogous to
N2, where N is the number of pixels in the filter window. Consequently, if a larger window size
is used, the filter’s complexity and memory needs increase significantly. The adaptive location-
invariant L-filter has the advantages of simple structure, limited memory requirements and small
computational complexity. With respect to computational complexity and memory requirements,
the MSAM filter lies in-between, if a large window size (e.g. 7 x 7) is used by the LMS adaptive
filters. Table 5 contains the execution time spent by the three filters under study in order to filter
images “Airm0s31017, “Airm0s9110” and “Airfield.i”. Simulations have been performed on an IRIS
Silicon Graphics INDY machine with a MIPS R4400 Processor of 200MHz. The LMS adaptive
filter execution time is estimated for two different window sizes: 3 x 3 and 7 x 7. The latter is
considered in this analysis so that their execution time is comparable with that of the M SAM
filter, which employs variable filter window sizes starting from 3 x 3 and reaching up to 11 x 11.
The respective values for the SAM filter are also shown for comparison purposes.

Examining now the window adaptation processes, the anisotropic window adaptation procedure
of MSAM requires more computational effort than the isotropic window adaptation used in the

standard SAM due to erosion and dilation computations, as is also shown in Table 5.
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5 Conclusions

The application of adaptive order statistics filters in noise removal from corrupted images has been
studied in this paper. Three adaptive order statistics filters have been considered, namely, the
adaptive location-invariant L-, the adaptive LI- and the morphological SAM filters. The adaptive
location-invariant L-filter and the adaptive Li-filter were proposed by the authors in [8, 10, 11]
in the past. The morphological signal-adaptive median filter is a novel extension of the signal-
adaptive filter [18] proposed in this paper. The M SAM filter requires neither a priori knowledge of
the noise-free version of the corrupted image nor a training phase. Therefore, the M SAM filter is
highly appropriate for image filtering. The noise suppression capabilities of the proposed M SAM
filter have been compared to the ones of the LMS location-invariant L- and LM S Li-filter whose
performance has been used as a baseline in the comparative study. It has been demonstrated
that the highest gain in performance both quantitatively and qualitatively is obtained when low
SNR and very impulsive images are encountered. Although M SAM has a higher computational
complexity than the SAM filter, it is still attractive because its computational complexity combined
with its memory requirements lie between those of its competitors (i.e., the LMS location-invariant

L-filter and the LM S Li-filter).
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MSAM and SAM filter complexity analysis in terms of total number of addi-

tions/subtractions, multiplications/divisions and comparisons required for the estimation of an

output sample.

Process MSAM Complexity

adds/subs mults/divs
“Windowed” Nr+ Y22 (nsp ) + 2552 (nsy5)+ 48y
Histogram [18] Sp +2SEg +487 +2
Impulse 6 2
Detection
b(n) (6 = 1.0) 2(N7 + 2 (s )+ Np+ S8 (1) + 23075 (n55,5)+

22?51(715&]')) + 457 Sp + 258 + 557
Output 2 1
comparisons

Modified 2[\/N[ - Ahmm,[ - Ahmam,[ - 1—|+
Median [23] 2[\/NF - Ahmm,p - Ahmam,F - 1-|
Process SAM Complexity

adds/subs mults/divs
“Windowed” Np +5S1,540m + 2 487 saM
Histogram [18]
Impulse incl. below incl. below
Detection
b(n) (8 =1.0) 2Np +7SrsaMm Ng + 7S1,5am
Output 2 1

comparisons
ST.sAM
Modified > 2[/Ni = Ahiminy — Alomag, — 1]
i=1

Median [23] Z
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Table 2: Figures of merit when corrupted versions of both images “Airfield” and “Bridge” with
varying noise parameters are filtered. The best results are shown in bold.

Filter Airm0s3101 Brim0s3101
SNR | PSNR | MAE MSFE SNR | PSNR | MAE MSFE

Initial 3.034 15.608 | 26.467 | 1788.423 | 2.998 16.363 | 23.445 | 1503.544
MSAM | 11.721 | 24.295 | 11.005 | 242.177 | 11.213 | 24.579 | 10.984 | 226.831
Li 11.650 | 24.224 | 12.159 | 254.632 | 11.458 | 24.824 | 11.097 | 217.289
L 11.553 | 24.127 | 11.840 | 254.127 | 11.155 | 24.521 | 11.436 | 235.737
SAM 9.272 21.846 | 13.157 | 425.840 9.551 22.917 | 12.106 | 332.790
Median | 11.188 | 23.762 | 12.273 | 273.558 | 10.817 | 24.182 | 11.788 | 248.402

Airm0s9110 Brim0s9110
SNR | PSNR | MAE MSFE SNR | PSNR | MAE MSE

Initial 9.011 21.586 | 16.829 | 451.380 9.017 22.382 | 15.467 | 375.966
MSAM | 12.796 | 25.370 | 10.276 | 188.930 | 12.411 | 25.777 9.930 172.016
Li 13.367 | 25.942 | 9.901 | 165.538 | 13.164 | 26.530 | 9.259 | 144.608
L 12.664 | 25.238 | 10.433 | 197.512 | 11.880 | 25.245 | 10.440 | 196.461
SAM 12.466 | 25.041 | 10.764 | 203.791 | 11.934 | 25.300 | 10.345 | 192.016
Median | 12.384 | 24.958 | 10.6564 | 207.795 | 11.517 | 24.882 | 10.859 | 211.424

Airfield.i Bridge.i
SNR | PSNR | MAE MSE SNR | PSNR | MAE MSE

Initial -0.026 | 12.548 | 23.040 | 3628.188 | -0.688 | 12.678 | 23.085 | 3520.368
MSAM | 14.468 | 27.043 | 4.599 | 129.390 | 14.940 | 28.306 | 3.101 96.489
Li 12.758 | 25.332 8.746 196.527 | 12.459 | 25.825 7.737 170.873
L 12.324 | 24.898 8.750 218.376 | 11.760 | 25.125 9.188 109.496
SAM 13.407 | 25.981 | 3.082 | 164.407 | 14.607 | 27.973 | 2.874 | 103.810
Median | 12.580 | 25.154 7.690 198.527 | 11.645 | 25.010 8.070 205.147

Table 3: MSAM/SAM filter parameter and threshold values.

Noisy Image Dp Dn b, a | B
Airm0s3101 | 0.0612 | 0.0369 | 0.4 | 0.3 | 1.0
Brim0s3101 | 0.0337 | 0.0384 | 0.4 | 0.3 | 1.0
Airm0s9110 0.0 0.0 0.5 {06 | 1.0
Brim0s9110 0.0 0.0 0.45 | 0.7 | 1.0
Airfield.i 0.1156 | 0.0910 | 0.3 | 1.0 | 1.0
Bridge.i 0.0918 | 0.0948 | 0.4 | 1.0 | 1.0
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Table 4: Comparison of SAM and M SAM filter performances for a wide range of corruption cases
by Contaminated Gaussian noise. Additional performance results are incorporated for the cases of
additive Laplacian and Uniform noise distributions.

Contaminated Gaussian

Noisy Image | X o, Initial MSAM SAM

SNR | SNR | MSE | SNR | MSE
Airm0s9101 0.1 | 451.122 | 9.013 | 14.973 | 114.421 | 11.369 | 262.534
Airm0Os15101 | 0.1 113.162 | 15.019 | 17.500 | 63.924 | 14.114 | 139.494
Airm0s3102 0.2 | 1807.241 | 2.986 | 10.763 | 302.290 | 7.729 | 608.292
Airm0s9102 0.2 449.976 9.024 | 14.125 | 139.099 | 11.178 | 274.443
Airm0s15102 | 0.2 | 113.616 | 15.002 | 17.016 | 71.477 | 14.288 | 133.938
Airm0s3110 1.0 | 1790.666 | 3.026 | 8.818 | 472.208 | 8.164 | 548.732
Airm0Os15110 | 1.0 | 113.371 | 15.011 | 17.548 | 63.223 | 17.638 | 62.065

Laplacian
Noisy Image 0% &,27 Initial MSAM SAM

SNR | SNR | MSE | SNR | MSE
Airm0s2014 4.0 31.884 | 20.521 | 21.714 | 24.443 | 21.731 | 24.130
Airm0s1418 8.0 | 124.735 | 14.596 | 17.082 | 70.760 | 17.007 | 71.608
Airm0Os11112 | 12.0 | 274.780 | 11.166 | 14.481 | 128.531 | 12.535 | 201.188
Airm0s9116 | 16.0 | 475.530 | 8.785 | 12.987 | 181.396 | 10.797 | 300.168

Uniform
Noisy Image r &727 Initial MSAM SAM

SNR | SNR | MSE | SNR | MSE
Airm0s18r25 | 25.0 | 51.031 | 18.478 | 20.199 | 34.623 | 20.227 | 34.118
Airm0s12r50 | 50.0 | 203.568 | 12.470 | 15.638 | 98.591 | 15.518 | 100.924
Airm0s9r75 | 75.0 | 453.644 | 8.990 | 13.217 | 172.087 | 12.930 | 183.172

Table 5: Execution time of filters under study. Additional information about isotropic - anisotropic
window adaptation execution times is included.

Filter Airm0s3101 Airm0s9110 Airfield.i
Total | Window Ad | Total | Window Ad | Total | Window Ad
MSAM | 55.09s 33.79s 55.03s 40.73s 40.27s 18.07s

SAM 24.43s 19.06s 18.4s 13.03s 15.74s 10.04s
Ll 3 x3 | 13.07s - 13.06s - 12.97s -
LI7x7 | 65.62s - 64.01s - 64.99s -
L3x3 | 3.76s - 4.22s - 3.82s -

L7x7 | 45.61s - 45.42s - 45.09 -
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Figure 1: Structuring Sets: (a) Window increment through dilation. (b) Window decrement
through erosion.

Figure 2: Noise-free images: (a) Airfield and (b) Bridge.
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Figure 3: (a) Noisy image: Airm0s3101. Filtered Airm0s3101 by (b) the location invariant L filter,
(c) the adaptive LI filter, (d) the morphological SAM filter, (e) the SAM filter, (f) the median
filter using a 3 x 3 mask.
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(e)

Figure 4: (a) Noisy image: Brim0s3101. Filtered Brim0s3101 by (b) the location invariant L filter,
(c) the adaptive LI filter, (d) the morphological SAM filter, (e) the SAM filter, (f) the median
filter using a 3 x 3 mask.
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Figure 5: (a) Noisy image: Airm0s9110. Filtered Airm0s9110 by (b) the location invariant L filter,
(c) the adaptive LI filter, (d) the morphological SAM filter, (e) the SAM filter, (f) the median
filter using a 3 x 3 mask.
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(e)

Figure 6: (a) Noisy image: Brim0s9110. Filtered Brim0s9110 by (b) the location invariant L filter,
(c) the adaptive LI filter, (d) the morphological SAM filter, (e) the SAM filter, (f) the median
filter using a 3 x 3 mask.
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Figure 7: (a) Noisy image: Airfield.i. Filtered Airfield.i by (b) the location invariant L filter, (c)
the adaptive L{ filter, (d) the morphological SAM filter, (e) the SAM filter, (f) the median filter
using a 3 X 3 mask.
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(f)

Figure 8: (a) Noisy image: Bridge.i. Filtered Bridge.i by (b) the location invariant L filter, (c) the
adaptive L/ filter, (d) the morphological SAM filter, (e) the SAM filter, (f) the median filter using
a 3 x 3 mask.
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Figure 9: Total number of pixels in “optimal windows” employed when a part of Airm0s9110 is
filtered by (a) the SAM and (b) the MSAM filter.

Figure 10: Estimated values of b(n) after filtering Airm0s9110 by (a) the SAM and (b) the MSAM
filter.



